We present a three-band tight-binding (TB) model for describing the low-energy physics in monolayers of group-VIB transition metal dichalcogenides MX2 (M =Mo, W; X=S, Se, Te). As the conduction and valence band edges are predominantly contributed by the d z 2 , dxy, and d x 2 −y 2 orbitals of M atoms, the TB model is constructed using these three orbitals based on the symmetries of the monolayers. Parameters of the TB model are fitted from the first-principles energy bands for all MX2 monolayers. The TB model involving only the nearest-neighbor M -M hoppings is sufficient to capture the band-edge properties in the ±K valleys, including the energy dispersions as well as the Berry curvatures. The TB model involving up to the third-nearest-neighbor M -M hoppings can well reproduce the energy bands in the entire Brillouin zone. Spin-orbit coupling in valence bands is well accounted for by including the on-site spin-orbit interactions of M atoms. The conduction band also exhibits a small valley-dependent spin splitting which has an overall sign difference between MoX2 and WX2. We discuss the origins of these corrections to the three-band model. The three-band TB model developed here is efficient to account for low-energy physics in MX2 monolayers, and its simplicity can be particularly useful in the study of many-body physics and physics of edge states.
I. INTRODUCTION
Recently, monolayers of group-VIB transition metal dichalcogenides MX 2 (M = Mo, W; X = S, Se) have attracted significant interest due to their extraordinary electronic and optical properties. These two-dimensional semiconductors possess a direct bandgap [1] [2] [3] [4] [5] in the visible frequency range and exhibit excellent mobility at room temperature, [6] [7] [8] [9] [10] [11] making them promising candidates for electronic and optoelectronic applications. 12 MX 2 monolayers can be regarded as the semiconductor analog of graphene, with both the conduction and valence band edges located at the two corners of the first Brillouin zone (BZ), i.e. K and −K points [ Fig.1(c) ]. Thus, electrons and holes acquire an extra valley degree of freedom, which may be used for information encoding and processing. [13] [14] [15] [16] [17] Following earlier theoretical studies, 13, 14 it was predicted that inversion symmetry breaking in monolayer MX 2 gives rise to valley dependent optical transition selection rule, where interband transitions in K and −K valleys couple preferentially to left-and right-circularly polarized light. 18, 19 This prediction has led to the first experimental observations of dynamical pumping of valley polarization by circularly polarized light in monolayers of MoS 2 , [19] [20] [21] followed by the demonstration of electric control of valley circular dichroism in bilayer MoS 2 22 and valley coherence in monolayer WSe 2 . 23 Moreover, because of the giant spin-orbit coupling (SOC) in the material, 24 the absence of inversion symmetry also allows a strong coupling between the spin and the valley degrees of freedom. 18 These results suggest that monolayer MX 2 could possibly be the host for integrated spintronics and valleytronics.
In Ref. 18 where the valley and spin coupled physics is first predicted in monolayer MX 2 , an effective two-band k · p model is given based on symmetry considerations, which suggests that the band edge electrons and holes can be described as massive Dirac fermions. This k · p model has also been applied to study the transport, optical, and magnetic properties of MX 2 monolayers [25] [26] [27] and bilayers. 22, 28 However, the k · p model is only valid close to the band edge. To obtain a more accurate description of the band structure, several tightbinding (TB) models have been recently introduced at the expense of including more orbitals into the Hamiltonian. [29] [30] [31] [32] In this paper, we develop a minimal symmetry-based threeband TB model using only the M -d z 2 , d xy , and d x 2 −y 2 orbitals. We show that, by including only the nearest-neighbor (NN) hoppings, this TB model is sufficient to capture the band-edge properties in the ±K valleys, including the energy dispersions as well as the Berry curvatures. By including up to the third-nearest-neighbor (TNN) M -M hoppings, our model can well reproduce the energy bands in the entire BZ. All parameters in our model are determined accurately by fitting the first-principles (FP) energy bands and results for X = Te are also shown for systematical purpose although M Te 2 monolayers are not realized experimentally now. SOC effects are studied under the approximation of on-site spin-orbit interaction, which results in a large valence-band spin splitting at the K point. Besides, for the small but finite conduction-band spin splitting at K recently noted, [33] [34] [35] [36] [37] we reveal here a sign difference between MoX 2 and WX 2 , and show that such splitting can be partly accounted for by perturbative corrections to the three-band model. Our model provides a minimal starting point to include various interaction effects. This paper is organized as follows. In Sec. II, we introduce our three-band TB model and fitting results. In Sec. III, SOC effects are studied. Conclusions are given in Sec. IV. In addition, an application of the TB model in zigzag nanoribbon is demonstrated in Appendix A. The relation between the k · p model in Ref. 18 
II. THE THREE-BAND TB MODEL
For simplicity we first introduce the spinless model and SOC will be considered in the next Section. In the following, we first analyze the symmetries and orbitals to determine the bases, then give the three-band TB model involving NN M -M hoppings, and finally introduce up to TNN hoppings to improve the TB bands.
A. Symmetries, orbitals and bases
Monolayer MX 2 has the D 3h point-group symmetry and its structure is shown in Fig. 1 . From early theoretical studies 38, 39 and recent FP investigations 24, 34, 40, 41 we know that the Bloch states of monolayer MoS 2 near the band edges mostly consist of Mo d orbitals, especially the d z 2 , d xy and d x 2 −y 2 orbitals. Figure 2 clearly shows that contributions from s orbitals are negligible, those from p orbitals are very small near the band edges, and d z 2 , d xy and d x 2 −y 2 orbitals are dominant components for conduction and valence bands. The trigonal prismatic coordination [ Fig. 1(b Fig. 2(a) ]. In fact, the above analyses are also true for all monolayers of MX 2 . Therefore, it is reasonable to construct a three-band TB model of monolayer MX 2 which can capture the main lowenergy physics by considering d-d hoppings using the minimal set of M -d z 2 , d xy and d x 2 −y 2 orbitals as bases.
To conveniently describe the atomic bases by the symmetry of D 3h point group, we denote them as |φ j µ (µ = 1, · · · , l j ) in terms of the µ-th basis belonging to the j-th IR: where j = 1 stands for A 1 , j = 2 for E , and l j for the dimension of the j-th IR. Then the matrix elements of the HamiltonianĤ can be easily obtained as
is the hopping integral between the atomic orbitals |φ j µ at 0 and |φ j µ at lattice vector R. Given E jj µµ (R), the hopping integrals to all neighboring sites can be generated by
where D j (ĝ n ) with dimension l j × l j is the matrix of the j-th IR and E jj (R) with dimension l j × l j is the matrix composed of E jj µµ (R).ĝ's are a subset of the symmetry operations of D 3h , {Ê,Ĉ 3 ,Ĉ 2 3 ,σ v ,σ v ,σ v }, whereÊ is the identity operation,Ĉ 3 is the rotation by 2π/3 around the z axis,σ v is the reflection by the plane perpendicular to the xy plane and through the angular bisector of R 1 and R 6 in Fig. 1(a) , and σ v andσ v are obtained through rotatingσ v around z axis by 2π/3 and 4π/3 respectively. Using the above symmetry relation, we can reduce the parameters, i.e. the hopping integrals, to a minimal set. We emphasize that these symmetry-based d-d hoppings include not only the direct d-d interactions of M atoms but also the indirect interactions mediated by X-p orbitals.
B. Model with nearest-neighbor hoppings
In this subsection, we introduce the three-band TB model involving only NN d-d hoppings, which is referred to as "NN TB" in the following. After determining each Hamiltonian matrix element, we get the three-band NN TB Hamiltonian as Table I : Band energies at the high-symmetry k points analytically obtained from the TB Hamiltonian Eq. (4) . The energies at each k point are in ascending order. t12 > 0 is assumed.
and j is the on-site energy corresponding to the atomic orbital |φ j µ . Note that, for simplicity, we have assumed the orthogonality between each pair of different bases, therefore the overlapping matrix of the bases is omitted and only the Hamiltonian matrix H NN (k) is considered. Confined by the symmetry of the system, there are eight independent parameters in H NN (k): 1 , 2 , t 0 , t 1 , t 2 , t 11 , t 12 , and t 22 . In order to determine the eight parameters in the TB model accurately, we fit the band structures according to the FP results. There is no definitive strategy to fit the bands. In our case, since we are mostly interested in the low-energy physics near the ±K points and our analysis is entirely symmetry based, we will fit the band energies at the high-symmetry k points, namely Γ, K, and M (listed in Table I ), together with least squares fitting according to the energies of the conduction and valence bands near K.
By fitting the FP band structures of relaxed monolayers of MX 2 in both generalized-gradient approximation (GGA) and local-density approximation (LDA) cases, we get the TB parameters listed in Table II and the corresponding band structures shown in Fig. 3 . The FP results (lattice parameters and band structures) obtained here are consistent with previous works. 24, [41] [42] [43] [44] [45] In Fig. 3 , by comparing the TB bands with the FP bands from d z 2 , d xy , and d x 2 −y 2 orbitals, we can see that the former agree well with the latter near the conduction-band minimum (CBM) and valence-band maximum (VBM) at K for all the MX 2 monolayers, but significantly deviate from the latter in other regions. This is because the TB model involves only We note that the band structure is very sensitive to the lattice constant: [46] [47] [48] [49] [50] in Fig. 3 (a) the valence-band energy at Γ is higher than at K by 4meV, and in Fig. 3 (i) and 3(j) the conduction-band energy at the dip near the midway of Γ and K is lower than at K by 5meV and 59meV respectively. This contradicts with the observed direct bandgaps. This is related to the different relaxed lattice constants between GGA and LDA (GGA tends to overestimate the lattice constant whereas LDA underestimate it, see Table II ). This, however, has little effect on our fitting at the K point.
C. Model with up to third-nearest-neighbor hoppings
In order to reproduce the energy bands in the entire BZ, we further consider up to the TNN M -M hoppings. By the same symmetry-based procedure, we derive the three-band TNN model Hamiltonian H TNN (k) as
in which V 0 = 1 + 2t 0 (2 cos α cos β + cos 2α) + 2r 0 (2 cos 3α cos β + cos 2β) + 2u 0 (2 cos 2α cos 2β + cos 4α), (14) Fitted parameters of the three-band NN TB model based on the FP band structures of monolayer MX2 using both GGA and LDA. a and zX−X are the relaxed lattice constant and X-X distance in z direction respectively. The energy parameters 1 ∼ t22 are in unit eV. 
V 11 = 2 + (t 11 + 3t 22 ) cos α cos β + 2t 11 cos 2α + 4r 11 cos 3α cos β + 2(r 11 + √ 3r 12 ) cos 2β + (u 11 + 3u 22 ) cos 2α cos 2β + 2u 11 cos 4α, (19) t0  t1  t2  t11  t12  t22  r0  r1  r2  r11  r12  u0  u1  u2  u11  u12 Fig. 4 from which we can see that the three TB bands agree well with the FP ones contributed by d z 2 , d xy and d x 2 −y 2 orbitals in the entire BZ. The well reproduced bands mean that effective masses can be obtained accurately by this TNN TB model. In addition, we show the Berry curvatures calculated using this TB model in Fig. 5(b) which shows good agreement with the result in Ref. 51 . We note that around the Γ point, the conduction bands with the lowest energies are made of d xz , d yz and X-p orbitals, which cannot be captured by our three-band model.
It should be noted that energy bands are only one aspect of physical properties and hence not enough to capture all physics. We also calculated the k-resolved degree of circular polarization for absorbed photons, η(k). As shown in Ref. 19, η(k) has the same sign in each region of 1/6 of the BZ around each K or −K points and exhibits high degree of polarization in most of each region. We can see that the η(k) calculated using the TB model here can give correct values in the large neighborhood of ±K, but not in the small region around Γ [see Fig. 5 Due to the heavy transition-metal M atom, its SOC can be large. The large SOC of monolayer MX 2 is a fascinating feature which leads to its rich physics. For simplicity, here we approximate the SOC by considering only the on-site contri- bution, namely, the L·S term from M atoms. Using the bases {|d
we get the SOC contribution to the Hamiltonian as
in which
is the matrix ofL z (z component of the orbital angular momentum) in bases of d z 2 , d xy , and d x 2 −y 2 , and λ characterizes the strength of SOC. Note that, under the three bases, the matrix elements ofL x andL y are all zeroes. Then we get the full TB Hamiltonian with SOC as following
in which I 2 is the 2 × 2 identity matrix and H 0 = H NN or H TNN . The above Hamiltonian is block diagonal, which means that the spin z-component is not mixed by the SOC and hence is still a good quantum number due to theσ h symmetry. From Eq. (27) we can easily know that at K point the SOC interaction splits VBM by ∆ can be seen that the NN TB bands agree well with the FP ones only for the conduction and valence bands near the K point, while the TNN TB bands agree well in the entire BZ.
Although the NN TB model is not as accurate as the TNN one, it can still give reasonable results for low-energy physics. Taking monolayer MoS 2 for example to test the NN TB model with SOC, we calculated the valence band SOC splittings and the Berry curvatures and the spin Berry curvatures, shown in Fig. 7 . The valley contrasting SOC splittings E v↑ (k)−E v↓ (k) between the two spin split-off valence bands are clearly shown in Fig. 7(a) , which agrees well with the result in Ref. 24 . The Berry curvatures 52, 53 and spin Berry curvatures 54 are all peaked at ±K points, and the former have opposite signs between K and −K [ Fig. 7(b) ] while the latter have the same signs between K and −K [ Fig. 7(c) ]. These lead to valley Hall effect and spin Hall effect when an in-plane electric field exists. 18 The TB results shown in Fig. 7 (b) and (c) agree quite well with the FP results in Ref. 51 . Therefore, the NN TB model is sufficient to describe correctly the physics in ±K valleys.
B. The SOC splitting of conduction band
To first-order of the SOC strength, the TB model for monolayer MX 2 here can only reproduce the large spin splitting of the valence band at K, i.e. ∆ v SOC , but gives no spin splitting of the conduction band at K, denoted by ∆ c SOC . In fact, the conduction-band spin splitting (CBSS) is not zero but a finite small value. [33] [34] [35] [36] [37] Similar to the strong valley-spin coupling in the valence band, 18 the CBSS is also valley dependent due to the time-reversal symmetry and leads to weak valley-spin coupling. Through a careful examination of the FP results, we note here, for the first time, that the CBSSs of MoX 2 have opposite signs to those of WX 2 , if ∆ c SOC is defined as the energy difference E c↑ − E c↓ at K point (see Table IV ). By analyzing the FP data, we know that CBSS is induced by small contributions from M -d xz , d yz and X-p x , p y orbitals. Here we show that a second-order perturbation correction involving M -d xz and d yz orbitals can partly explain the CBSSs.
FP wavefunctions show that, at K point, the Bloch waves 
To incorporate the contributions to CBSS from d ±1 (i.e. d xz and d yz ) orbitals, we make a second-order perturbation for the SOC interaction H = λL · S through the Löwdin partitioning equation:
in which H ml = d m |H |d l (m = ±2, 0 and l = ±1) and E m is the band energy at K corresponding to d m orbital. Thus, the contributions from d ±1 orbitals are folded into an effective second-order SOC interaction in bases {d +2 , d 0 , d −2 } ⊗ {↑, ↓} as following
Considering the first-order SOC interaction under the same bases, H (1) = diag{λ, −λ, 0, 0, −λ, λ}, finally we get the second-order corrected splittings
We first get the second-order corrected λ by solving Eq. (30) and then put it into Eq. (31) Table IV ). We can see that the CBSSs determined by Eq. (31) agree very well with the FP splittings for WX 2 , but not for MoX 2 . We attribute these to the competition of the two origins of CBSS: (i) the second-order perturbation due to the coupling to the remote d xz and d yz orbitals; (ii) the first-order effect from the small component of X-p x and p y orbitals. Eq. 
IV. CONCLUSIONS
In this paper, we have developed a minimal symmetrybased three-band TB model for monolayers of MX 2 using only the M -d z 2 , d xy , and d x 2 −y 2 orbitals. When only NN M -M hoppings are included, this TB model is sufficient to capture the band-edge properties in the ±K valleys, including the energy dispersions as well as the Berry curvatures. By including up to the TNN M -M hoppings, the model can well reproduce the energy bands in the entire BZ. In spite of the simple NN TB model, it can describe reasonably the edge states of zigzag MX 2 ribbon that consist of d z 2 , d xy , and d x 2 −y 2 orbitals. SOC is introduced through the approximation of onsite L · S interactions in the heavy M atoms, which lead to the giant SOC splittings of the valence bands at K. In addition, we analyzed the relatively small CBSSs at K through a second-order perturbation involving d xz and d yz orbitals, which works quite well for WX 2 but not for MoX 2 . This is attributed to the X-p orbitals not presented in our model. We also pointed out that the signed CBSSs have different signs between WX 2 and MoX 2 . The three-band TB model developed here is efficient to account for low-energy physics in MX 2 monolayers, and its simplicity can be particularly useful in the study of many-body physics and physics of edge states. kp .
in which γ, γ ∈ { 
in which h 1 ≡ H ribbon nn , h 2 ≡ H ribbon n,n−1 and
The energy bands of a zigzag MoS 2 nanoribbon with W = 8 (using the GGA parameters in Table II ) from both the TB model and FP calculations are given in Fig. 8 . From the FP results, we know that the band 1 and 2 shown by arrows in Fig.  8 are the edge states from the d z 2 , d xy , and d x 2 −y 2 orbitals of Mo atoms at the two edges of the ribbon, band 3 is from the Mo-d yz orbital at the Mo-terminated edge, and band 4 is from the S-p y and p z orbitals at the S-terminated edge. Due to the neglect of d xz , d yz and S-p orbitals in the TB model, band 3 and 4 do not exist in the TB bands. Nevertheless, band 1 and 2 are given by the TB model reasonably. Therefore, the simple NN TB model for MX 2 zigzag ribbon can give satisfactory results, if the edge states band 1 and 2 are the focus of a study.
Appendix B: The two-band k · p model It is clear from Fig. 3 that the three-band NN TB model is sufficient to describe the physics of conduction and valence bands in the K valley (also true for −K valley due to the time reversal symmetry). Thus we can expand Eq. (4) in the ±K valleys to any order requested and then reduce it to a two-band k · p model in the Löwdin partitioning method. 55, 57, 58 Using (|d x 2 −y 2 + iτ |d xy ) (τ = ± is the valley index) as bases, the obtained two-band k · p model up to the third order in k (relative to τ K) are
H (2) kp (k; τ ) = H
(1)
kp (k; τ )+
in which ∆ is the bandgap at K, t and γ 1 ∼ γ 6 are energy parameters, and k 2 = k 2 x + k 2 y . Eq. (B1) is the massive Dirac Hamiltonian given in Ref. 18 which was derived just this way, and Eqs. (B2) and (B3) are consistent with previous works. 29, 31 In Fig. 9 , the bands of monolayer MoS 2 from H (1) kp capture the main physics in the valley but neglect the details such as the weak anisotropic dispersion (the trigonal warping) and the weak electron-hole asymmetry, the bands from H (2) kp recover the aforementioned missing details, and the bands from H (3) kp agree with the FP bands perfectly. It should be noted that the two-band k · p Hamiltonians all come from the simple three-band NN TB model, and can always give accurate bands as long as enough terms with high order in k are included.
When SOC is considered to the first order, Eq. (27) is still valid and we can get 
where s = ±1 is the spin index (+1 for ↑ and −1 for ↓) since spin is a good quantum number. The τ sλ term in Eq. (B4) appears in the form of the product of the valley index τ , the spin index s, and the SOC parameter λ, which implies the rich physics due to the SOC induced coupling of valley and spin described in Ref. 18 .
